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Elliptic curve = nonsingularprojective cure/ ,orgenus 1.

=(((2
,i)
= (zy2= x(x -z)(k-xz)}CP

Im(t) >0 X+ 0, 1

K
.
Kodana (1915-1997) studied one parameter
-degenedions of elliptic curves by 1963 .



Kodoia's result says :

= nonsingular surgoce (c with C = ellipticcurve forteoE $- = filuction
C = Co with no PE suchthat

o D = (te : It11]
P = -1 ()-1)- curve)

=> C is one of the following :

mI = elleptic anive - =

mIs = Y noda national
In
*
=

-min=- n Pe in
n+ 1

a noda curve·,
#
*
=

II = (cuspidal rational
#()2 tacnode

#* = /

# = 3P tiplent* =I



Example : just take the pencil
( =(yz - x3(x-z) + +(y -z)(y -zz)(y-3z) = 03CP

& 2

,
alo :

trOR

To be a in definition we need to Blow-up 9 times over

=> PS = an elliptic fitration.

P



Definition . An elliptic surface is a nonsingular projective surgace/
f

S with enelliptic jituation SB= nonsingular
·projective curve

I
The jber is on es upto prite ponte

e

&

g= 1

( + 1) () : S = eliptic serface

↓ f
D A A D = B =P



ob1 : Ig singular giber has a (-1)-curve => contract it
-

-surfoce .
At the end

,
one hasto a new ellephic

The Kodaia gibers & relativelyminimal elliptic
surface .

&2 : Clossification (K = Kodaina dimension)

Y = -0 · They are rational and
come from pencils of plane

curves ->Cubics : have sections y

↳ others : nosections and onemultiple jiber.
or trivia elliptic (XPK -P

K = 0 : various examples in every class (k3,Enriques ,etc)

k = 1 : The most interesting PROPER ELLIPTIC SURFACES.
K = 2 : There are none (Kmust be zero ! )



we just sowthe degenerations of elliptic curves .

What arethe degenerations of elliptic surfaces ?

we mean : normal proj = WC W =
normal 3-gold

sugace

I ↓ proper holomorphicmap
0 c D = (tec : It)(1]

so that WX = elliptic surface for t O ·

-WeWingularties



Constructions of degenerations tend to be abstract ...

w
-RHD smoothing !II

>1 We* ne+(- Il
44

nodes Eniques
S = P "X

↑

M surfaces*
=P nomes of

singularities



Let us just think about degenerations with only

ADE = Rational double = Kleinian = simple = DuVal =
points Il

RationalGorenstein
II

cononical
(1903 - 1987)

singularities.



All equations of DrVal singularitis in 13 :
·...

-

2 -...
2

An (n>,1) : z + x
2

+ yn
+ 1

= 0

Du (nc,n) : z2+ y(x2yn
-

2) = 0

Es : z2 + x3 +y= 0
El : z2+ X(x2+y3) = 0
· Ep : z+x3+ y5= 0

6 · ·⑧
·

In blue the dual grophs of theminimal resolutions .
= -2



↑
Example ·
--

-

⑳ *muysmoothing⑳ (or degeneration agWt ,+d)

Torem (E, Briesborn 1970 - G . N.Timina 1969) Every degeneration
of surfaces with only ADE singularities can be simultaneously
resolved (uptoa base change) ·

Thismeans : we canthink aboutit asa sooth deformation,
there are nosingularities involved .



Thatwastoomild...

· For a sunface (normal) singularity peNI smoothing ,
the Mithor Liber is Ne , to. D

· It is a 4-maingold with bounday= Link of pet .
· It is homotopically equivalent to a CW complex or dim 2
and bo = 1 9 by = 0 end b2 =Milnomothing

(Steembrick)

Example.As In W =<+yEtz => M= 1

smoothing
There is one vanishing cycle in H2(Wt) : The splace+xy t

teRo

M(An) = n , M(Dn) = n , /En) = n (one smoothing)



Declaration : The mildest degenerations happen whenL

--

inW.we induce a M=0 smoothing atevery singularly

Ig Wr>W is suce => #2(Wt) <Hz(W) with firte
index ; Kn - Xzp(Wt) , g(Wt) , pg)Nt) an constant

Note that ADE singulanties are out !
Letws call them QHD singulantes (admit arationalhomology
disk smoothing) : which are them ?!

( vanishing cycles here ! 7



In the BOs
,
J
.

wohl foundmany , amongthem :

↳e 091m coprime
(x ,y) + (zx , j9y) end - n puntive

root of 1

& => (1 ,9)) is alic quot. sing.

Inthis setor singulanties : u=0 () M=2 with ged (n ,a) =1

q = na-1
-

TWohlsingulaubes



In general , minimal resolution :

↳...
-

EXCEPTIONAL CHAIN

-> -e: -2 Vi
P

continuedpaction->te
Hinzebruch-Jung
(1927 - 2012) (1876 - 1953)



List or (minimal resolutions of) known RHD :
(due to Wohl , Stipsicy-Szolo-Wohl , Emphal-Stipsic)

-21-22-la-fr-er
·...

wohl chains

woll conjecture :Miis the complete bitof families of QHD.



According to binational geometry , we should pay
attention to (log)Terminal and (log) cononical
singularities .

In dimension 2
-

↓

logconomical ↑
he

quotetuminad (nomed
nese

there is a
DuVol p

list !

For QHD singularities
-3 -4 -3

⑳ wohld
-3 -y -3 -4
·

d singulanties Thus almost all ofthem
-2 - 2 - 3 -2

d

O

(1 ,-
are not inthe usual list !·

&

-6



Y
.
Karamata proves in "Moderatedegenerations
of algelmaic surfaces" (1992) :



TTheorem (M .
Conedo

,
U
. 2025) : Let W be a RHD degeneration of

-

proper elliphc --sufaces . Then Wodinite an elleptic geludion
and the dual grophs ofminimal resolutions- · of elleptic fiber :

I sliding
degenerations

↓ Konomatas

theorem
.



why did we wantto dothis ?

(1) Port of the big goo classification ofal
QHD degenerations (1 .g . generatype/Houkawa)

(2) A recent work 2025 ofD. Le and Y. Le giving
new degenerations of Polgechevsurfaces .



Definition : A polgachesugae DAgB is a minimal elliptic
-

B ->Pt with Pg(Dr) = 0 and exactlysurface A
,
B

2 multiple gibers withmultiplicatesA and B .

we have its(DA)=/opd(A ,
B).

D2
,
2
= Enriques surface .



↳ee examples : Consider Dp,q Dolgachev surfaces
with p, q coprime (ic = 1)

=>
Dpq m ⑧

z
where WE = P= and

↳ 9

w

the singular projective suraces end Fore :

·



05 only

Es
i=&# ())-L

#*-ET*

-

↑ W ↓
⑧

Z ↑
ratonal

elliptic withmult. giber lationale withmult. gibes
z

-



Marcos and I perform this
binational geometr :

-

Proper -
(semi-stable)

we provethatrw
+

-
--globahousgorn has no local-lo

of w obstructionstodeform
↓

~ smoothwohl sings .
-

.Compocyed
Milmor

liberSeiget blow-up losterT .Wol)
&
· O

z

=Wer Da
,b

= Dolochesupe
w
Er Da

,b

T

-
-ourinitial degeneration for some a,
b This is he-he degenendios

with QHD singularitie
not nee. copume (Cononical class is neg)



We have the followingtheorems with Marcos Canedo .

-
Therem : Let a

,
b2 be integers with ab >4 .

Then for each
-

- QHD singularity in our clessification where denominator of Xisa,

-

we have a QHD degenedion of sufaces in Dab to a W
--

with only that singularly O

we clossigy(and realize) every ↳"Dbound,en-

such degenendios ofDolgachevsuaces



In relationto be-he examples , we provethe following .

Theorem : The broken surface WUZ Las a nonsingular
10-dimensional Q-Corenstei deformation space ,IIEnd the surfaces preseving A = W+S form a divisor

and die Lee-he examples ·
(there was no direct wayto see this from Lee-he .

om K-ney surface

z

* z
·

o he-he



Whatabout RHD degenerations for other surfaces ?

some ending open questions and progress :
(1) Ig We= = full clossification (with

M
. Conedo) .

-

(2) Ig We del Pezzo => full clossiedion
when singularities

ore Wohl (with J .P.Ziniga) . Rest RAD is open .

13) Ig We rational and KO = open . ( S .
Flores Ko
and Wohl sing .)

(4) Ig k(NE)= 0 and W singular => Wt = Enriques surfaces and
- (including all QHD ? 7we know all degeneratious

&.Wer Enriques surfaces (Thovea poper aboutit
!

)
COBLE-MUKAi

losing = Maximal degeneration, all 11 ,1) singularity attice



(5) Ig K(W) = 1 > This talk was about
that !

(6) Ig k(Wz)= 2 E) We is of gened type => Many open
questions.

· When K2 = 2pg-4 or 2pg-3 , wehave clasification
·

of all such W with only wohl singulantes
[V. Moneol-J . Negrete-r 2024 K2= 2pg-4] Isame authore 2027? K(p3]

For RHD and K= 2pg4 : work in progress withM .
Conedo.

· Many examples for K
*

>2pg-3 but no classification.
· pe=o surfaces arevery interesting : Thousands of

-

degenerations using computer searches but no-
carse classication (with J . Reyes) .

... FIN



observation : logaithmicTransformation .
- L

-
From201lowee contraction
-

D-1
up

anywoll chai&N
L- -> w= We

Rationalblow-down QHD smoothing
of Fintusle Ster-Pork sogg -II

log tonsform = We Cration of
/↳

D
= multiple geben

For QHDgened singularities we create alsomultiplegibers.


